An inhomogeneous wave equation is derived describing propagation and scattering of ultrasound in an inhomogeneous medium. The scattering term is a function of density and propagation velocity perturbations. The integral solution to the wave equation is combined with a general description of the field from typical transducers used in clinical ultrasound to yield a model for the received pulse-echo pressure field. Analytic expressions are found in the literature for a number of transducers, and any transducer excitation can be incorporated into the model. An example is given for a concave, nonapodized transducer in which the predicted pressure field is compared to a measured field.
INTRODUCTION
Ultrasound is used with great success in the diagnosis of abnormalities in soft tissue structures in the human body. Cross-sectional pictures are made in real time with the Bmode scan technique by current scanners. A high picture quality is obtained by employing linear and phased array transducers, and by post-processing the envelope detected signal from the transducer. But the ultrasound pictures still lack contrast and resolution compared to x-ray and NMR (nuclear magnetic resonance) pictures. It does not seem possible to cure this deficiency with the current techniques based on analog electronics, and it therefore seems plausible that future scanners will use high-frequency sampling of the transducer signal in order to employ digital signal processing.
Developing algorithms that take advantage of this sampling necessitates quantitative knowledge of the received pulse-echo pressure field. The object of this paper is'to develop such a model for the received pressure field.
In medical ultrasound, a pulse is emitted into the body and is scattered and reflected by density and propagation 
I. DERIVATION OF THE WAVE EQUATION
In this section, we derive the wave equation. The section has been included in order to explain, in detail, the different linearity assumptions and approximations made. To obtain a solvable wave equation, some assumptions and approximations must be made. The first one states that the instantaneous acoustic pressure and density can be written as Pins (r,t) = P + Pl (r,t),
lOins (r,t) =p(r) +Pt (r,t),
in which P is the mean pressure of the medium and ,o is the density of the undisturbed medium. The pressure variation p• is caused by the ultrasound wave and is considered small compared to P. The density change caused by the wave isp•. Bothp• and p• are small quantities of first order.
Our second assumption is that no heat conduction or conversion of ultrasound to thermal energy take place. Thus, the entropy is constant for the process, so the acoustic pressure find density satisfy the adiabatic equation: 3 dPi"s ' c 2 dloi"• .
dt dt
The equation contains total derivatives, as the relation is satisfied for a given particle of the tissue rather than at a given point in space. This is the Lagrange description of the motion. 4 For our purpose, the Euler description is more appropriate. Here, the coordinate system is fixed in space and the equation describes the properties of whatever particle of fluid there is at a given point at a given time. Converting to a Euler description results in the following constitutive equa- 
•t which are the dynamic equation and the equation of continuity. Using ( 1 ) and (2) and discarding higher-order terms we can write tO = --Vpl, 
we get
Neglecting the second-order term (Ap/p•))V(Ap 
V2p, 10EP__•L _ O. (25) c• a•2t
The field is conveniently calculated by employing the velocity potential •p(r,t), and enforcing appropriate boundary conditions. s'ø The velocity potential satisfies the following wave equation for the homogeneous medium: The Green's function for a bounded medium is g and is
III. CALCULATION OF THE INCIDENT FIELD
The incident field is generated by the ultrasound transducer, assuming no other sources exist in the tissue. We want to calculate the field of a typical focused ultrasound transducer generating a transient field. 
IV. CALCULATION OF THE RECEIVED SIGNAL
The received signal is the scattered pressure field integrated over the transducer surface, convolved with the electromechanical impulse response Em (t) of the transducer. To calculate this, we introduce the coordinate system shown in Fig. 3 
• (r I ,rs,t) = h(r I ,rs,t) * h(rs,r• ,t)
The Laplace operator is the second derivative with respect to the distance, which in this case corresponds to the second derivative with respect to time. So,
V2H• (r•,r•,t) = 1 82H• (r•,r•,t) (43)
assuming only small deviations from the mean propagation velocity. Using these approximations, (38) can be rewritten as 
Pt (rs ,t) _Po E 8o(t)* fe (.•(r•) 2Ac(r• ).) --• •(t)• •t t 'X Po Co 1 8 :H• (r•,r•,t) X d•r•. (•) Symbolically, this is w•tten as pr(rs,t) = o• (t) *f• (r•) * h• (r• ,rs,t).

V. WAVE PROPAGATION EXPERIMENT
This section compares the pressure field predicted by the model to a measured field to give an indication of the accuracy of the model for one scatterer embedded in a homogeneous medium. The measurement describes how a point is depicted by the transducer. This is done by moving a small point through the image plane. In practice, a point cannot be made and the tip of a needle is used to imitate a small point with a change in density and propagation velocity.
A. Measurement conditions
To make a precise comparison between theory and experiments, a concave, nonapodized transducer was used, for which analytic expressions are known for the spatial impulse response. The transducer used was a Briiel & Kjaer type 8529 with a nominal frequency of 3.5 MHz. The focal radius is 150 mm, and the radius of the element is 8.1 mm.
The needle used had a radius of 0.3 mm and was made by removing the insulation from a copper wire. This should result in a smooth surface without spurious echoes from the needle surface so the scattered field only emanates from the tip of the needle. The needle then imitates a point in space. The needle was mounted on a fixture and was adjusted so that the needle was parallel to the acoustical axis of the transducer. The measurement was performed in a water bath of 850X430X500 mm (length, height, width). It contained distilled water that had been degassed for 24 h.
A Briiel & Kjaer 1846 ultrasound scanner was used to generate and receive the pulse to and from the transducer. During the measurements, the time gain amplifier in the scanner was set to linear amplification.
The high-frequency signal from the receiver amplifier was sampled by a LeCroy 9400 digital sampling oscilloscope, that has a resolution of 8 bits and an aperture jitter of 10 ps. The sampling frequency used was 100 MHz. The 3-dB bandwidth of the oscilloscope is 125 MHz. At full range, the signal-to-noise ratio is reported by the manufacturer to be The scanner pulse emission was synchronized to the sampling frequency of the oscilloscope, making it possible to perform averaging on lines and to obtain coherency between lines at different positions. The synchronization also makes it possible to compare the measured and simulated lateral response. Each line shown is the average of ten measure- The model includes attenuation of the pulse due to propagation and scattering, but not the dispersive attenuation of the wave observed when propagating in tissue. This changes the pulse continuously as it propagates down through the tissue. Not including dispersive attenuation is, however, not a serious drawback of the theory, as this change of the pulse can be lumped into the already spatially varying hv•. Or, if in the far field and assuming a homogeneous, dispersive attenuation, then an attenuation transfer function can be convolved onto v• to yield an attenuated pulse. Work is in progress in order to evaluate the accuracy of this approach.
